We evaluate the contribution of inelastic intermediate states (such as p → N * excitations) to the phase between the one-photon-exchange and the 'nuclear' high energy pp scattering amplitudes at t → 0, caused by the multiphoton diagrams. It turns out to be rather small -much smaller than to have any influence on the experimental accuracy of the measurements of ρ, defined to be the ratio of the real to imaginary parts of the forward 'nuclear' amplitude.
Introduction
The conventional way to measure the real part of the strong interaction (nuclear) forward amplitude, F N , is to consider its interference with the pure real one-photon-exchange QED amplitude, F C , at very small momentum transfer t → 0. However this interference is affected by the possibility of multiphoton exchange processes which result in the additional phase difference αφ. That is, the total amplitude reads
Here α = α QED = 1/137. The phase φ (the so-called Bethe phase) was calculated first by Bethe [1] using a WKB approach, and then was re-examined by West and Yennie [2] in terms arXiv:1910.03533v1 [hep-ph] 8 Oct 2019
of Feynman diagrams. A more precise calculation, which accounts for the details of the proton form factor, was performed by Cahn [3] . It gives
where B is the t-slope of the elastic cross section (dσ el /dt ∝ e Bt ), γ E = 0.577... is Euler's constant and C = 0.62 (0.60) depending on which form of the proton electromagnetic form factor -exponential (or dipole) -is used.
Note that in all previous calculations only the pure eikonal diagrams were considered. That is only the 'elastic' (p → p) intermediate states were allowed in the multiphoton exchange diagrams Fig.1a ,b. 1 Besides this, there are diagrams with the proton excitations shown in Fig.1c,d . Of course, at small t due to gauge invariance the p + γ → N * vertex contains transverse momentum q tγ . Therefore, these diagrams do not generate ln |t| and can only affect the value of the constant C.
In the case of the TOTEM experiment at √ s = 13 TeV the value of ρ was extracted by fitting the differential dσ el /dt proton-proton elastic cross section in the region of very small |t| ∼ 0.001 − 0.005 GeV 2 , where the role of the Bethe phase is not negligible. It changes the resulting value of ρ ≡ Re/Im ratio by about 0.03. This should be compared with the experimental accuracy 0.01 (ρ = 0.10 ± 0.01 [4] ). However, the variation of C by δC = O(1) may additionally shift the value of ρ by δρ = 0.01 − 0.02. Such an effect could potentially be important for the confirmation of the possible presence of the odd signature (Odderon) contribution in the high energy pp-amplitude at t → 0. Indeed the value of ρ = 0.10 ± 0.01, extracted using the phase φ calculated in [3] (without accounting for the possibility of proton excitation) is noticeably lower than that (ρ 0.135) obtained from dispersion relations for a pure even-signature amplitude (with the total cross sections measured by TOTEM). The observed difference 0.135 − 0.10 = 0.035 ± 0.01 can be explained either by the odd-signature nuclear contribution to elastic pp scattering or by a modification of the constant C due to the diagrams of Figs.1c,d with inelastic (p → N * ) intermediate states.
Therefore, it is timely to evaluate the possible role of the processes with proton excitations in the Coulomb-nuclear interference region. Unfortunately, there are no sufficient data on diffractive p → N * dissociation which would allow the calculation of the contribution of Fig.1d explicitly. On the other hand, it is known that cross section of low-mass diffractive excitation is well described by the so-called Deck p → N + π process [5] , shown in Fig.2a . Therefore, in section 2 we use the diagrams of Fig.2a to evaluate the expected shift δC caused by low-mass excitations. The higher-mass contribution is calculated in section 3 based on the triple-Regge formalism ( Fig.2b ) and duality. Next, in section 4, we calculate the phase shift δφ C originating from the two-photon graph Fig.1c . Here data on the γp cross sections are available and will be used. Unlike one-photon exchange this diagram does not contain a factor of 1/t. Thus, at very small t → 0 the corresponding correction is strongly suppressed and can be neglected. Besides this, formally the diagram in Fig.1c describes the even-signature amplitude and should satisfy even-signature dispersion relations. We conclude in section 5. Instead of the p → N * low-mass excitation we consider the simplest diagrams for the p → N π transition which rather well reproduce the low-mass proton dissociation [5] . In particular, the cross section of diffractive dissociation calculated via the diagram of Fig.2a at the LHC energy √ s = 7 GeV is about 2.7 mb (for dissociation of both -that is either the upper or lower -protons). This is close to the value of low-mass dissociation (σ SD (M X < 3.4GeV) = 2.66 ± 2.17mb) measured by TOTEM [6] (see also the discussion in sect.3 of [7] ).
Recall that the amplitude of the Deck processes is described by three diagrams shown in Fig.3 . For the photon exchange amplitude we have an analogous set of the three diagrams ( Fig.4 ). That is, to calculate the discontinuity we have to sum up the three diagrams of Fig.3 and multiply this contribution by the sum of the three diagrams of Fig.4 .
Since we are looking just for an additional Bethe phase which may affect the ρ = Re/Im ratio we should not worry about an exact value of the high energy strong amplitude. We use the normalization sσ tot = ImT (t = 0) assuming that σ tot ∝ s 0.1 and use the additive quark model relation σ(πp) = (2/3)σ(pp).
First, the amplitude shown in Fig.3a reads 
where x is the beam momentum fraction carried by the pion, s is the initial energy squared and T πp is the amplitude of the strong πp interaction parametrized in the second line of the above equation by the pomeron pole exchange with effective trajectory α P (t) = 1 + ∆ + α P t, with ImT pp (s) = sσ 0 (s/s 0 ) α P (0)−1 , in which we take ∆ = 0.1 and α P = 0.25 GeV 2 . As usual s 0 = 1 GeV 2 . The coupling G πN = G πN (k 2 = 0) for the γ 5 proton pion vertex 2 is G 2 π 0 pp /4π = 13.75 [8] at k 2 = 0 with the dipole form factor
m π is the pion mass, and we will take m to be the mass of the proton.
Besides the contribution from term α P t = α P q 2 , the q 2 = t dependence of the strong amplitude is driven by the 'form factors' in the vertices
Analogously, the amplitudes corresponding to Figs.3b,c are
and
2 For π + the coupling is √ 2 larger than for π 0 .
For completeness we give the formulae for propagators:
Note that here the values of k The QED amplitudes of Fig.4 take the form
Again a dipole form factor
is used for the photon-proton vertices while for the pion-photon coupling we take the pole form
Recall that for the case of π + the coupling G πN must be multiplied by √ 2 and we have to deal with the sum A 4a + A 4c while the total QED amplitude with a π 0 meson is given by A 4b + A 4c . It is easy to check that the total QED amplitude of proton excitation vanishes as q t → 0.
The product of the total 'nuclear' times the total QED amplitudes now has to be integrated over the momentum fraction x and the transverse momenta q t and k t . Recall that we are seeking for the phase φ at t = 0. We find
where A (3) and A (4) denote the total amplitudes, that is the sum of the corresponding a, b, c contributions. The factor 2 accounts for the dissociation of the lower proton. The denominator in dx/(x(1−x)) arises from the 1/(2E π 2E N ) factors in the phase space integrals d 3 k/(2E(2π) 3 ).
Numerical calculation at √ s = 13 TeV results in αφ Deck = 1.3 · 10 −4 , which is negligibly small in comparison with the experimental accuracy of 0.01. In terms of the Bethe phase, the 'inelastic' diagrams with proton low-mass excitations change φ by about 0.018 3 . A similar variation (0.02) of φ was observed in [3] depending on the form of the parametrization of the 'elastic' proton form factor -(that is either dipole or exponent).
Deck cross section
The cross section of low-mass dissociation given by the Deck diagram shown in Fig.2a reads
Here we account for the dissociation of only one of the colliding proton. For √ s = 7 TeV we note that the total cross section 4 σ tot = 97 mb. and (17) gives σ SD = 1.35 mb. This is to be compared with low-mass dissociation cross section 2.6/2 = 1.3 ± 1.1 mb observed by TOTEM [6] . The good agreement confirms the applicability of our calculation of the low-mass proton excitation contribution to the Bethe phase φ.
Higher-mass dissociation
To evaluate the possible role of higher-mass excitations we consider the 'triple-Regge'-like diagram of Fig.2b . Since the RIP γ triple vertex is not known phenomenologically we use the 'Vector Dominance Model' (VDM) [12] approach and replace this vertex by the 'Pomeronρ-meson' (or ω-meson) vertex which in its turn can be written as 2/3 of the Pomeron-proton vertex. Recall that due to gauge invariance the proton excitation vertex caused by the photon must vanish as q 2 → 0. The dimension of the corresponding q 2 factor should be compensated either by the radius of the RIP γ triple vertex or by the mass difference ∆M 2 = M 2 − m 2 . In the present calculation we use s 0 = 1 GeV 2 . On the one hand, this simplifies the final Regge formula, while on the other hand this is close to the expected size of the vertex driven by the slope of the R-reggeon (ρ, ω) trajectory α R = 0.9 GeV −2 [13] .
Next, it is known within the VDM, that the proton-to-photon coupling (proton electric charge e) can be considered as the sum of the contributions mediated by the ρ and ω mesons. Exploiting the fact that the ρ and ω Regge trajectories are degenerate [13] we calculate the contribution shown in Fig.2b as
Here M X is the mass of the proton-excited system described by the R-reggeon and we have already accounted for the possibility of excitation of the lower proton.
The first factor α R π in (18) accounts for the relation between the imaginary part of the reggeon exchange amplitude given by the R-reggeon signature factor
and the residue of the pole at α R (t) = 1. Near the pole the signature factor (19) takes the form 2/(α R π(t − m 2 R )) while the discontinuity at t = 0 (where α R (0) 1/2) is 2Imη 2. The numerical calculation of (18) results in φ R = 0.099 − 0.106 (20)
for α R (0) = 0.5 − 0.54. This leads to a correction αφ R 0.0007 − 0.0008
to the ρ=Re/Im ratio for the 'nuclear' amplitude.
Recall that for this evaluation we used a very approximate approach. Nevertheless, the result is an order-of-magnitude less than the accuracy of the present experiment (see [4] ). Moreover, most probably the true value of φ R is even smaller since, as a rule, the triple-Reggeon vertices extracted from the phenomenological triple-Regge analysis are smaller than the corresponding Reggeon-hadron vertices (see for example [14] ).
Note also that strictly speaking one should not sum the phases φ Deck and φ R . This will lead to double counting since when calculating φ R using (18) we integrate over M X starting from M X = s 0 = 1 GeV 2 . If we would like to keep the contribution described by the Deck diagrams then in (18) we have to take a larger lower limit for M X . This will diminish the value of φ R .
Two-photon exchange with proton excitation
The 'inelastic' contribution of the two-photon exchange diagram shown in Fig.1c can be calculated using the equivalent photon approximation [15] . The imaginary part of the amplitude in Fig.1c reads
where first factor 2 accounts for the excitations of the second (lower in Fig.1c ) proton. Here we have to be more precise and to account for the small but non-zero total momentum transferred t = Q 2 = −Q 2 t . The momenta of the 'left' and the 'right' photons in Fig.1c are
and (q 1 · q 2 ) denotes the scalar product of q 1 and q 2 . E γ is the photon energy in the upper (in Fig.1c ) proton rest frame; σ tot γp is the total cross section of photon-proton interaction. The resulting value of A 1c in (22) should be compared with the one-photon exchange (Coulomb) amplitude (which is real)
Note that, contrary to F C , the proton excitation contribution A 1c of (22) does not contain a 1/Q 2 pole. Therefore, the phase generated by the A 1c /F C ratio vanishes at t = Q 2 → 0. However actually the Coulomb-nuclear interference is measured at |t| ∼ 0.001 GeV 2 = 0. That is why we wrote the formula (22) accounting for the value of Q t .
For the numerical estimate we take the experimentally measured σ tot γp (E γ ) cross sections [16, 17] at E γ = 0.26 − 4.2 GeV. For a larger E γ > 4 GeV we use parametrization of [16] σ tot γp (E γ ) = (91 + 71.4/ E γ )µb (25) with E γ in GeV. In this parametrization we keep only the second term since the first term corresponds to Pomeron exchange (σ = const) and should be treated as an O(α 2 ) correction to the strong interaction (even-signature) amplitude.
As seen from Fig.5 , in the region of interest (|t| < 0.001 − 0.005 GeV 2 ), where Coulombnuclear interference manifests itself, the possibility of proton excitations in the two-photon exchange process changes the original phase of the pure QED one-photon-exchange amplitude by the negligibly small value of |δφ C | < 10 −3 .
Conclusion
We evaluated the contribution of proton (p → N * ) excitations to the phase shift (Bethe phase) between the strong interaction and the one-photon exchange QED amplitudes caused by an -t (GeV 2 ) -δφ C Figure 5 : The phase shift δφ C of the one-photon-exchange amplitude caused by the second photon exchange with proton excitations in the intermediate states. The dashed line is calculated using the full photon-proton cross section, σ tot γP (E γ ) at E γ < 4.2 GeV, while for the solid curve the Pomeron (constant) "background" of 91 µb was subtracted from σ tot γp . . additional photon exchange. The low-mass part was calculated basing on the Deck [5] (p → N π) mechanism, while the higher-mass excitation was estimated using the triple-Regge formalism. The 'inelastic' two-photon exchange QED contribution was calculated using the experimental data on the proton-photon cross section in terms of the equivalent photon approach.
It is shown that the effects are very small and do not change the value of ρ = Re/Im ratio, measured via the Coulomb-nuclear interference in small angle elastic pp scattering, by more than δρ ∼ 10 −3 . This is about an order-of-magnitude less than the experimental accuracy of ±0.01 [4] .
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